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PROBABLE RECONSTRUCTION OF
SURFACES IN OCCLUDED REGIONS BY
COMPUTED SYMMETRY

They also cannot be used for grasp planning and thereby limit
the kinds of grasps that can be considered in the plan. Hence,
it is also desirable to be able to compute probable surfaces for

intra-occluded regions.
CROSS-REFERENCE TO RELATED
APPLICATIONS

In other applications, it may be possible to vieW an object
from several sides, but not all sides. Using standard image
processing techniques the images from the several visible

This application claims the bene?t of US. Provisional
Patent Application Ser. No. 60/529,386, ?led Dec. 11, 2003,

sides may be composed to obtain a partial surface model that
is more complete than one obtained from only a single vieW

entitled “Probable Reconstruction of Surfaces in Occluded

point, yet one that is not entirely complete. Here, too, it is

Regions by Computed Symmetry,” Which is incorporated

desirable to be able to use the partial model to compute

herein by reference in its entirety.

probable surfaces for the regions that remain occluded.
In certain applications, it may be desirable or necessary to

con?rm the probable surfaces using additional sensors. For

BACKGROUND OF THE INVENTION

example, the ?ngers of the hands may be equipped With force,
1. Field of the Invention
The present invention relates generally to the ?eld of

machine perception and more particularly to calculating
probable positions in three dimensions of occluded surfaces
of vieWed objects.
2. Description of the Prior Art
The present invention relates to vieWing an object and
constructing a 3-dimensional (3D) map of the surface of
object, including determining probable maps of those sur
faces of the object that are obscured, hidden, or otherWise
occluded from the vieW. In many applications it is necessary

tactile, or proximity sensors. Alternatively, a camera may be
mounted on the end of the arm located to vieW the surfaces to
be grasped. HoWever, even When such additional sensors are

present, ef?cient operation requires that the initial grasping
20

plan made Without their sensor readings is correct With high

probability.
Hence, in a variety of diverse situations, it is desirable to

compute probable surfaces in occluded regions given only the
25

position information from a limited number of vieWpoints.
Heretofore, using 3D models of visible surfaces to create
3D models of occluded surfaces has not been addressed.

or desirable to have such a 3D model of an object. Such

Rather, research has been limited to determining symmetries

applications include computer-aided design, computer-aided

Within 2D and 3D images, and to modeling 3D surfaces from

2D images.

manufacturing, electronic commerce, robotics, and digital
entertainment. Conventionally, a 3D model of an object is

30

constructed by acquiring images or range data of the object

from multiple, Widely separated viewpoints. The multiple
vieWpoints are chosen so that every side of the object is
included in images from one or more of the vieWpoints. The

information from these multiple vieWpoints is combined by

A large number of papers in the scienti?c literature deal

With symmetries in 2D images. For example, D. Shen, H. H.
S. Ip, K. K. T. Cheung, and E. K. Teoh, “Symmetry Detection
by Generalized Complex (GC) Moments: A Close-Form
Solution,” IEEE Trans. on Pattern Analysis and Machine
35

Intelligence, Vol. 21, No. 5, May 1999 describes hoW sym

Well-knoWn techniques to create the 3D model.
HoWever, in certain applications, it is either not possible or

metries may be detected in 2D images and cites many earlier
papers on this topic. Another paper, A. Blake, M. Taylor, and

not economical to vieW the object from multiple vieWpoints,

A. Cox, “Grasping Visual Symmetry,” International Confer

and in some instances even if multiple vieWpoints are used,
some surfaces still remain occluded. For example, if a robotic
system consisting of an arm and a hand is employed to pick

40

grasps of planar objects by grasping around the rim.

and pack unknown objects, the robotic system must deter
mine enough surface information about the unknoWn objects
to plan stable grasps. Cost, physical constraints, or other
constraints can limit the number of vision sensors, so that the

ence on Computer VlSlOI’l, pp 724-733, May 1993, shoWs hoW
2D symmetries and anti-symmetries may be used to plan
There have also been many papers discussing hoW 3D
shapes can be reconstructed from 2D images. A paper by T.
Kanade, “Recovery of the three-dimensional shape of an

45

object from a single vieW,” Arti?cial Intelligence, Volume 17,

situations, surfaces that do not face the vision sensors are

Issues 1-3, August 1981, pp 409-460 is a relatively early
paper on this topic. Another paper by H. Mitsumoto, S.

hidden from vieW by the objects themselves. Such surfaces

Tamura, K. OkaZaki, N. Kajimi, andY. Fukui, “3-D Recon

objects can be vieWed only from one perspective. In these

are referred to as being “self-occluded.”

Grasping an object With a typical robotic end-effector

50

struction Using Mirror Images Based on a Plane Symmetry
Recovery Method,” IEEE Trans. on Pattern Analysis and

requires surfaces in a generally opposing relationship. For

Machine Intelligence, Vol. 14, No. 9, September 1992, pp

example, to grasp an object With a parallel-jaWed gripper, the
object must have a pair of opposing parallel surfaces.
Mechanical hands With multiple ?ngers can grasp objects
Without parallel contact surfaces, but still require some kind
of opposition of the surfaces. An image taken from a single
vieWpoint provides a description of only some of the surfaces.

941, 946 uses a 2D image that contains both an image of an
object and an image of that object as re?ected by one or more
physical mirrors to perform a 3D reconstruction of the visible
55

ofInt’l Workshop on High-Level Knowledge in 3D Modeling
and Motion, Nice France, 2003 infers plausible occluded

Using only visible surfaces acquired from a single vieWpoint,
most desirable grasps cannot be planned, due to a lack of
information about one or more of the possibly useful contact

surfaces from a computed primal sketch of a 2D image.
60

surfaces. Hence, for planning a grasp of an object, it is desir
able to be able to compute probable surfaces for self-occluded

Another paper by H. Zabrodsky, D. Weinshall, “Using Bilat
eral Symmetry to Improve 3D Reconstruction from Image

Sequences,” Computer VlSlOI’l and Image Understanding:

regions.
Additionally, regions of the object may be blocked from a
vieWing position by the presence of other objects. We refer to
such regions as “intra-occluded.” Intra-occluded regions
present problems similar to those created by self-occlusion.

surfaces of the object. A recent paper by F. Han and S. C. Zhu,
“Bayesian inference of 3D scene from a single images,” Proc.

CVIU, Vol. 67, No. 1, pp 48 to 57, 1997 ?nds symmetries in
2D images and uses those symmetries to improve reconstruc
65

tions of visible features in a technique knoWn as “structure

from motion.” Additionally, tWo papers by D. TerZopoulos et
al., “Symmetry-Seeking Models and 3D Object Reconstruc

US 7,961,934 B2
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tion,” International Journal ofComputer VlSlOI’l, 1, pp 211

vides a computer-readable medium comprising program
instructions for performing the steps of the method.
The present invention additionally provides a robotic sys

221, 1987 and “Constraints on Deformable Models: Recov

ering 3D Shape and Nonrigid Motion,”Arty‘iciallntelligence,
36 (1988) pp 91 -123 reconstruct objects having a generalized
axial symmetry from 2D data using manual initialization; in

tem comprising an arm terminating in an end-effector having

components for grasping an object, an imager, and a comput

the 1988 paper, multiple sets of 2D data are used to obtain 2D

ing device. In these embodiments the imager is con?gured to

outlines from multiple vieWpoints.

acquire an initial 3D map of a visible surface of the object.

However, techniques based on 2D images can make only
limited use of symmetries to perform 3D reconstructions.
This is because a 2D projection distorts 3D symmetries.
Accordingly, the relationship betWeen a 3D symmetry of an

Also in these embodiments the computing device is con?g
ured to identify one or more symmetries of the initial 3D map,

compute a probable 3D map of the occluded surface from the
identi?ed one or more symmetries and the initial 3D map, and

object and the observed projected 2D image is complex and
subject to ambiguity. Hence, research considering 2D images

compute a grasp for the end-effector, the grasp describing
positions of one or more of the components for grasping
relative to the probable 3D map of the occluded surface.

does not address the problems solved by this invention.
There has been less Work on the topic of symmetry in 3D

BRIEF DESCRIPTION OF DRAWINGS

data. A paper by C. Sun and J . Sherrah, “3D Symmetry

Detection Using the Extended Gaussian Image,” IEEE Trans.
on Pattern Analysis andMachine Intelligence, Vol. 19, No.2,
February 1997, pp 164-169 describes hoW 3D symmetries
that are global to an object may be detected by converting the
problem to the correlation of a Gaussian image. A paper by R.
Zabrodsky, S. Peleg, and D. Avnir, “Symmetry as a Continu

FIG. 1 is a perspective vieW of a bottle having an axis of

rotational symmetry.
20

FIG. 3 is a perspective vieW of a frying pan having both

global and local symmetries.

ous Feature,” IEEE Trans. Pattern Analysis and Machine
Intelligence, vol. 17, no. 12, pp. 1,154-1,166, December 1995
de?nes a continuous symmetry measure to quantify the sym

25

metry of both 2D and 3D objects; the paper applies this
measure to ?nding the orientation of 3D symmetries. Another

paper by M. KaZhdan et al., “A Re?exive Symmetry Descrip
tor,” European Conference on Computer VlSlOl’l, 2002, pp
642-656 describes hoW mirror symmetries that are global to
an object can be detected in a 3D voxel model of the object.
However, none of these papers addresses the problem of
reconstructing occluded 3D surfaces from 3D data.
Hence, there is a need for a system and method able to
reconstruct probable occluded surfaces from 3D data.

FIG. 2 is a perspective vieW of a box With three orthogonal

mirror planes indicated.
FIG. 4 is a schematic draWing of an imager con?gured to
acquire a 3D map of a visible surface of an object according
to an embodiment of the present invention.
FIG. 5 is a How diagram shoWing a method for determining
a probable occluded surface according to an embodiment of

the present invention.
30

FIG. 6 is a perspective vieW of a box With one marked

mirror plane discussed With reference to a method of scoring
identi?ed symmetries according to an embodiment of the

present invention.
FIG. 7 is a call structure for exemplary pseudo-code for a
35

method for determining a probable occluded surface accord
ing to an embodiment of the present invention.

SUMMARY
DETAILED DESCRIPTION

The present invention provides a system for obtaining a
embodiments the system comprises a computing device con

Brie?y described, the invention is a system for computing
probable 3D surfaces of occluded regions of an object. The

?gured to receive an initial 3D map of a visible surface of the
object as vieWed from a knoWn vieWpoint, identify one or

of the object as seen from some, but not necessarily all,

probable 3D map of an occluded surface of an object. In some

more symmetries of the initial 3D map, and compute the
probable 3D map of the occluded surface from the identi?ed

40

system acquires 3D position data (a 3D map) for visible parts
vantage points. The system determines both symmetries
45

Within the 3D position data for the visible parts of the object
and the domains over Which the symmetries apply. The sys
tem then uses the symmetries and domains to compute prob
able 3D surfaces in occluded regions.

50

scored using a function that describes hoW Well the visible

one or more symmetries and the initial 3D map. In some other

embodiments the system comprises an imager and a comput
ing device. In these embodiments the imager is con?gured to
acquire an initial 3D map of a visible surface of the object.

Additionally, the computing device is con?gured to identify

In the preferred embodiments, each potential symmetry is
surface data and the shape of the occluded region agree With

one or more symmetries of the initial 3D map, and compute
the probable 3D map of the occluded surface from the one or
more identi?ed symmetries and the initial 3D map. In still

that symmetry. Symmetries that are used to determine the
probable 3D representations of the occluded surfaces are

found by searching for an optimal value of the scoring func

other embodiments the system comprises means for acquir
ing an initial 3D map of a visible surface of the object as
vieWed from a knoWn vieWpoint, means for identifying one or
more symmetries of the initial 3D map, and means for com

55

system then uses the highest scoring symmetries to compute
probable 3D surfaces in occluded regions.
Computing surfaces in occluded regions from only visible

puting the probable 3D map of the occluded surface from the
one or more identi?ed symmetries and the initial 3D map.

The present invention also provides a method for determin
ing a probable 3D map of an occluded surface of an object.

60

The method of the invention comprises the steps of acquiring

the occluded surface from the identi?ed one or more symme

tries and the initial 3D map. The present invention also pro

surfaces is inherently an under-de?ned problem as there is not
suf?cient information in the visible surfaces to derive an
unambiguous reconstruction. For instance, it could be that a
vieWed object that appears to be a regular box is nothing more

than three Walls With nothing behind them. Alternatively, the

an initial 3D map of a visible surface of the object as vieWed
from a knoWn vieWpoint, identifying one or more symmetries

of the initial 3D map, and computing the probable 3D map of

tion in the space of symmetry features and domains. The

65

same object could conceivably extend for a considerable dis
tance behind the visible surfaces in a direction along the
vieWing axis, so that the visible surfaces hide What lies
behind. In practice, neither extreme is likely to be the case.

US 7,96l,934 B2
5

6

Prior knowledge about obj ects in the World makes these cases

of the surface4one applies to the handle, and one to the pan

highly improbable.

Without the handle. Notice that the handle can be recon

The system of the invention disclosed herein uses prior

structed from either the mirror plan of symmetry or the axis of
rotational symmetry. The reconstruction of the handle using
the axis of rotational symmetry Will almost alWays be com
plete, Whereas the reconstruction using the plane of mirror

knowledge of objects in the World to compute probable 3D
maps for occluded surfaces. Speci?cally, the system relies on

the fact that many objects have various symmetry properties.

symmetry Will typically be incomplete (unless the vieWing

If an object has a particular symmetry, then visible surfaces
must be consistent With that symmetry. Moreover, it is typi
cally the case that if the visible region, or a part of the visible

angle is such that all of the handle on one side of the mirror

plane is visible.) Accordingly, symmetry types are ranked and
When several symmetries apply, the symmetry With the high
est ranking type is used in reconstruction.
To better illustrate the invention, exemplary embodiments

region, displays a particular symmetry, then the occluded
region, or part of the occluded region, also participates in, and
is consistent With, that symmetry. Thus, the presence of a

referred to as the preferred embodiments for convenience,
Will be described in particular detail, folloWed by a discussion

symmetry in a visible region of an object can be taken as

probable evidence that the symmetry extends to the occluded

of alternative implementations.

regions. The invention disclosed herein uses this evidence to

infer occluded surfaces from the symmetries in the visible

Preferred Embodiments

region.
Various kinds symmetries are utiliZed by this invention.
These symmetries can be global to an entire object or local to

FIG. 4 is a schematic draWing of an imager 400 con?gured
20

identi?able part of the object. When a symmetry is local, it is
applied to a suitably chosen part of the visible region to infer

corresponding occluded surfaces of the object.
A feW simple examples Will illustrate the concept. FIG. 1
shoWs a bottle 100 having an axis of rotational symmetry 101,
as vieWed from a typical vieWing position. Because of the
rotational symmetry of the bottle 100, points on the visible
surface have corresponding points on the self-occluded sur

jector 402 of patterned light is used to provide structured
25

30

Which, for example, a grasp may be calculated.
FIG. 2 shows a box 200 vieWed such that a top 201 and tWo
sides 202 and 203 are visible. The top 201 is a rectangle and

has tWo orthogonal mirror plane symmetries indicated by
mirror planes 204 and 205. Mirror plane 204 is consistent
With one of the visible sides 202. Mirror plane 205 is consis
tent With the other visible side 203. Because the box 200
includes these tWo mirrorplane symmetries, points on the tWo
visible sides 202 and 203 have corresponding points on tWo of
the self-occluded surfaces hidden from the vieWpoint. Addi
tionally, the tWo sides 202 and 203 each have a mirror plane

arti?cial texture to surfaces of objects that are vieWed by the
cameras 401. A computing device 403 is coupled to receive

the images acquired by the cameras 401 and is con?gured to
perform the several computational steps of this invention, as

face that is hidden by the bottle 100. These corresponding

points provide a nearly complete surface description from

to acquire a 3D map of a visible surface of an object, in
accordance With an embodiment of the invention. The imager
400 includes three cameras 401 that are used to acquire
images of a scene from three different perspectives. A pro

35

described beloW.
FIG. 5 is a How diagram that shoWs the major steps of a
method according to a preferred embodiment of the inven
tion. In a ?rst step 501 a 3D map of the visible portion of an
object is obtained. In a step 502 the symmetries Within the 3D
map are identi?ed. In a step 503, probable surfaces in
occluded regions are computed from the identi?ed symme
tries.

Referring ?rst to step 501, the 3D map is obtained by ?rst

40

collecting one or more images of the scene and then applying
a suitable 3D surface reconstruction process to the images.
Such 3D reconstruction processes are Well knoWn and typi

cally compute the 3D map by identifying corresponding

symmetry represented by mirror plane 206 that is parallel to

points in each of several images folloWed by a triangulation

the top 201 of the box 200. Due to this additional mirror
symmetry, points on the top 201 of the box 200 have corre

based on the locations of the corresponding points in the
images and the geometry of the arrangement of cameras 401

sponding points on a bottom surface. Hence, by mapping and
identifying the three visible surfaces 201, 202, and 203 in

45

three dimensions, and by identifying the three mirror planes
204, 205, and 206 ofthe visible surfaces 201, 202, and 203,
enough information is available to construct symmetrically
situated occluded surfaces.
It Will be appreciated that the reconstructions of the
occluded surfaces is merely a prediction of What cannot be
seen; but in many real-World applications the predictions
made by the invention are often very good because man-made
and natural objects so frequently have a variety of symme
tries. It should also be noted that for many real-World appli
cations, such as robotic gasping, a perfect understanding of

is commonly referred to as “dense stereo With active illumi
nation.” An example of such a system is disclosed in Us.
50

a “point set.”All of the points belonging to a single object are
collected into a point cloud for that object. This is referred to
55

the occluded surfaces is not necessary and therefore a predic
60

typical vieWing position. The frying pan 300 has a vertical
plane of mirror symmetry 303 that passes through the handle
301 and the center of the pan 300. Using the plane of mirror
symmetry 303, much of the handle 301 may be reconstructed.
There are also tWo local axes of rotational symmetry, 302 and

304. Both are “local” in the sense that they apply only to a part

patent application Ser. No. 10/703,831, ?led Nov. 7, 2003,
Which is incorporated herein by reference.
A collection of points having 3-dimensional spatial loca
tions is commonly knoWn as a “point cloud” or sometimes as

tion that is a good approximation is adequate.
FIG. 3 shoWs a more complex example in Which a frying
pan 300 having a cylinder-like handle 301 is vieWed from a

(FIG. 4). This process is often aided by the texture provided
by a projected pattern, such as by projector 402 (FIG. 4) and

as object segmentation. Methods for performing segmenta
tion from range data are Well knoWn. The region occluded by
the visible surfaces from the vieWpoint of the imager is com
monly knoWn as an “occluded region.”
In step 502, the method next identi?es symmetries Within
the 3D map of the visible regions. In general, symmetries may
be global to the entire object, or local to a part of an object.
Thus, the de?nition of a symmetry may require the speci?
cation of a subset of the point cloud to Which a symmetry

feature applies. In the preferred embodiment, this is
65

expressed in the concept of a “part symmetry,” Which is a data
structure that describes the symmetry together With the part of
the surface to Which the symmetry applies. To better under

US 7,961,934 B2
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stand the use of symmetries by the invention, part symmetries

Yet another elemental symmetry type is rotational point
symmetry. This symmetry is also de?ned through the sym
metry point. Each point A on the object surface corresponds

are described ?rst in general, then methods for evaluating
candidate part symmetries are described, then hoW part sym
metries are found, and then, With reference to step 503, hoW
part symmetries are used to compute probable surfaces. Fol
lowing this, aspects of the invention are provided in a pseudo

to a continuum of other points, arranged on a sphere contain

ing A. Each point on the sphere has equal distance to the

symmetry point, and, by de?nition, the radius of the sphere is

code, Which gives the exemplary steps.
De?nition of Part Symmetries
Each part symmetry is de?ned by three components: a
symmetry type, a numerical parameter vector, and a Boolean
domain function. The symmetry type is chosen from a small
set of admissible types, Which characterize the typical sym
metry types found in common objects, e. g. mirror planes and
rotation axes. The numerical parameter vector speci?es the
location of the symmetry elements e.g., the orientation and
location of a mirror plane relative to the 3D map of the visible

surface. The symmetry type and the numerical parameter
vector are together referred to herein as a “symmetry feature.”

A domain function characteriZes the sub-region of the visible
surface that is consistent With the symmetry feature.

20

Symmetry Types
A symmetry type de?nes a speci?c type of invariance of the
surface of a 3D object. A simple example of a symmetrical
object is a sphere, Which is rotationally symmetric about a

point. A symmetry type found in spheres is rotational point
symmetry. A cylinder is rotationally symmetric about an axis,
and it is also mirror symmetric about a suitably chosen plane
orthogonal to its axis. The cylinder is described by tWo sym
metry types, a rotation axis and a mirror plane. More complex
shapes can be described by greater numbers of symmetry
types, for example, a cube is mirror symmetric about each of

25

Numerical Parameter Vector

30

the three orthogonal mirror planes.
Symmetry types generally fall into tWo families, elemental
and composite. Elemental symmetry types are de?ned
through one of three geometric shapes: a plane, a line, or a
point. Composite symmetry types combine tWo or more

35

elemental symmetries.

Each part symmetry is also characteriZed by a domain
function that de?nes the part of the visible surface to Which
40

Another elemental symmetry type, mirror axis symmetry,
is de?ned through an axis, called the symmetry axis. Each
pointA on the object surface possess a corresponding surface
point A' on the opposite side of the symmetry axis. The line
connecting points A and A' is orthogonal to the symmetry
axis, intersects the symmetry axis, and the intersection point
cuts the line connecting A and A' into segments of equal

45

50

domain is a single, contiguous surface region.
For a part symmetry that applies to the entire point cloud of
an object, the domain includes all visible surface points. For
a non-global symmetry, the domain function makes it pos
sible to restrict a part symmetry to a sub-region on the object
surface. This provision is important When objects are com

posed of multiple parts of different geometric shapes, each

length.
Another elemental symmetry type, rotational axis symme
try, is also de?ned through an axis, but in this symmetry type

the part symmetry applies. The domain function speci?es
Whether a point on the visible surface belongs to that part
symmetry and can be a logical attribute that maps visible
surface points to either TRUE or FALSE. The domain is the
set of points mapped to TRUE. In some embodiments, the

opposite side of the mirror plane. The line connecting A and
A' is orthogonal to the mirror plane, intersects it, and the
intersecting point cuts the line connecting A and A' into tWo

segments of equal length.

Each part symmetry is also characteriZed by a numerical
parameter vector appropriate to the symmetry type. For
example, in the case of a symmetry plane, the parameter
vector speci?es the location and orientation of the plane.
Similarly, the parameter vector of an axis symmetry deter
mines the location and orientation of the symmetry axis. The
parameter vector of a point symmetry speci?es the location of
the point. In the case of composite symmetries, additional
components of the parameter vector specify the location of
the additional symmetry elements.
Domain of a Part Symmetry

One elemental symmetry type is mirror plane symmetry.
Mirror plane symmetry is a symmetry relative to a plane,
called a symmetry plane. Each point A on the surface of an
object possesses a corresponding surface point A' on the

the distance betWeen A and the symmetry point.
Composite symmetry types can be constructed from a plu
rality of elemental symmetry types. For example, a dual mir
ror plane is constructed from tWo orthogonal mirror planes.
Each point A corresponds to any point A' that can be obtained
by applying one of the mirror plane symmetries, or both
symmetries in sequence. Another example is a triple mirror
plane. This symmetry type is constructed from three orthogo
nal mirror planes. Each point A on the object surface corre
sponds to any point A' that can be obtained by applying any
subset of the three mirror planes in sequence, including the
full set of all three mirror planes.
Still another example is rotational axis symmetry paired
With an orthogonal mirror plane. This symmetry is de?ned
through a rotational axis and an orthogonal mirror plane.
Each point A on the object surface corresponds to tWo circles
of surface points, one de?ned through the rotational axis, and
one through the rotational axis applied to the point A', Where
A' is obtained by applying the mirror symmetry to the pointA.

55

characterized by a different symmetry feature. Describing
such an object With a single global symmetry often is impos
sible. Instead, multiple local part symmetries are found, each
having a particular symmetry feature and a symmetry

the axis is a rotational axis. Each point A corresponds to a

domain.

continuum of points on the object surface, arranged in a
circle. This circle contains the pointA. It lies in a plane that is
orthogonal to the rotation axis, and its radius is the distance of
the point A to the axis.
Still another elemental symmetry type is mirror point sym
metry. This symmetry is de?ned through a point, called the
symmetry point. Each pointA on the object surface possesses
a corresponding surface point A' on the opposite side of the

In general, the domain of a part symmetry contains points
that have matching points under the symmetry feature and can
have additional points that have no matching points but that
are not inconsistent With the symmetry feature. A point that is
mapped by the symmetry feature into occluded space has no
matching point, but is not inconsistent With the symmetry
feature and such a point may be included in the domain.
Scoring a Part Symmetry
Referring again to FIG. 5, in step 502 identifying the sym
metries Within the 3D map requires scoring the potential

symmetry point. The line connecting points A and A' inter
sects the symmetry point. The symmetry point partitions the
line connecting A and A' into segments of equal length.

60

65

candidate symmetries. The score is necessary to determine
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Whether a hypothesized symmetry is acceptable. It is also

symmetry and from the complete set of visible points, and the
test is only performed based on these representative points.
Further, When applying a symmetry feature, a representative
set of neW points is introduced for those symmetries that

necessary to compare alternative candidate symmetries, so as
to arrive at a ranking that prefers more plausible over less

plausible symmetries. Such a ranking is obtained by comput
ing a “symmetry score.” The symmetry score is used for

induce a continuum of neW points. In each of these cases, the

ranking, accepting, or rejecting a proposed part symmetry,

number of sampled points is kept modest, in order to make the

and When choosing betWeen tWo or more alternative symme

algorithm computationally e?icient.

tries.

The remaining tWo scores, score2 and score3, pertain to
attributes of the domain. Score2 measures the siZe of the

Each part symmetry, denoted <S, x, dom> and consisting

domain, for example by the total number of points encom
passed by the domain or by the surface area enclosed by the
points of the domain. In some embodiments, score2 has to
exceed a given threshold for a part symmetry to be potentially

of a symmetry type, S, an associated numerical parameter
vector, x, and a domain, dom, is scored in three different Ways
resulting in three numerical scores: score 1, score2, and score3.

The ?rst of these scores (scorel) is obtained by applying the
symmetry feature <S, x> to each point in the domain, dom. As

acceptable.

a result, each surface point in the domain is mapped to one or

Score3 characterizes a “margin” of a domain. A point is on

more neW points, called “projected points.” For example,
When applying a mirror plane symmetry, a point A is mapped
to a single projected point A' on the opposite side of the mirror

the margin of the domain if the point is part of the domain and
is either 1) adjoining a point that is outside of the domain, or
2) adjoining a natural surface boundary in the 3D map of the
visible surface, e. g. a depth discontinuity in the 3D point
cloud for the original scene. The total number of points that

plane.
When applying a rotational axis symmetry, each point A is

20

symmetry, the preferred embodiment generates a ?nite num

comprise the margin of the domain is represented by the
quantity R; the total number of margin points that are adjoin
ing a point that is outside of the domain is represented by the
quantity r1; and the total number of margin points that do not
adjoin a point outside the domain is represented by the quan
tity r2. The tWo sets partition all points in the margin into tWo

ber of evenly spaced points by sampling the resulting circle or

mutually exclusive classes. In some embodiments, for a

sphere at even intervals.

domain to be desirable, the ratio rl/(rl+r2) must be smaller
than a threshold. This requirement selects for domains With

mapped to a continuum of proj ected points that lie on a circle.
Embodiments of the invention accommodate the fact that

some symmetries map a single point into in?nitely many
points by sampling a ?nite number of those points. For
example, instead of generating all points under a rotational

Each such projected point Will fall into one of three mutu
ally exclusive categories. A projected point is classi?ed as a

25
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“match” When the projected point is located in the immediate

margins that are signi?cantly de?ned by points that are
adjoining natural surface boundaries. Score3 is computed as

vicinity of the visible surface of the object. The projected
point is classi?ed as “occluded” When the projected point is
located in an occluded region or outside the visual ?eld of the

cameras. The shape of the occluded region can be computed,

35

by Well-known techniques, from the combination of the point
cloud of the object taken together With the vieWpoint of the
imager. It Will be appreciated that the vieWpoint of the imager

domains that extend only over a narroW band Within a larger
surface. As noted, score3 also excludes domains that are not

is determined by the position and orientation of one or more

cameras. The projected point is classi?ed as “unexplained” if
the projected point is neither matched nor occluded. If a part

40

symmetry is completely consistent With the visible surface,
each point Will either be classi?ed as matched or occluded,
but not unexplained. Hence, the more points that are classi?ed
as matched or occluded, the more plausible the part symmetry

Comparing score2 and score3 to thresholds is effective for
?ltering out excessively small or ill-formed domains, such as

45

is at describing the symmetry of the part of the object.
Scorel is computed as

signi?cantly de?ned by points that are adjoining natural sur
face boundaries, Where the threshold value determines the
fraction of margin points that must be adjoining natural sur
face boundaries.

An example of scoring according to this embodiment Will
be described With reference to the simple geometry of the
draWing of FIG. 6. FIG. 6 shoWs a box With three visible
surfaces, a top surface 601, and tWo side surfaces 602 and
603. FIG. 6 also shoWs a mirror plane 604 that cuts the top
surface and one of the side surfaces. Under the mirror sym
metry, a point 605 on the top surface 601 is projected to a

Scor?lI(Cmatchnmatch+Coccludednoccluded'l'cunexplained
points that are class1?ed as matched, occluded, and unex

projected point 608 on the top surface 601 on the opposite
side of the mirror plane 604. This projected point can be
classi?ed as matched, so the projected point from point 605
contributes to a value for scorel according to the positive

plained, respectively, and

Weighting provided by cmatch.

n unexplain ed

50

Where nmatch, nocduafed, and nunexplained, are the number of

Under the mirror symmetry, a point 606 on the side 603 is
” :nmatch +noccluded+nunexplained'

55

projected to a projected point (not shoWn) that is occluded by
the visible surface, so the projected point from point 606 can

Here, cmatch is a positive constant, cocduded is a non-negative
constant smaller than cmatch, and cMnexPZm-ned is a negative
constant. The intuition behind this scoring function is that

be classi?ed as occluded and contributes to score 1 according

to a smaller non-negative Weighting provided by coccluded. A

single point domain consisting only of the point 605 provides

matching points provide strong positive evidence for the
evidence for the correctness of a symmetry. Only part sym

explicit positive evidence of the symmetry as the projected
point from point 605 is classi?ed as a match. A single point
domain consisting of the point 606 provides no explicit posi

metries that have a score 1 value in excess of a threshold value

tive evidence of the symmetry, but is consistent With the

existence of a symmetry, While occluded points provide

60

Weaker evidence. Unexplained points provide strong negative

symmetry.

are potentially acceptable.
In some embodiments, the calculation of scorel is per

formed using sub-sampling. Speci?cally, a ?xed number of
representative points is extracted from the domain of a part

65

It Will be appreciated, therefore, that a domain computed
for a part symmetry can include a group of points that provide

explicit positive evidence for the part symmetry and a group
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of points that provide no explicit evidence but are also not
inconsistent With the part symmetry. In a reconstruction, as
discussed below in greater detail With respect to step 503, a
symmetry feature is applied to all of the points in the associ
ated domain. When this occurs, the points that provide no
explicit evidence, but are not inconsistent With the part sym

sional continuous parameter space. The preferred embodi
ment performs this search in tWo steps.
First, the parameter space is searched at discrete points
de?ned by an evenly spaced grid over the space of all numeri
cal parameter vectors. The result of this discrete grid search is
a score for each point in the grid. From this, the preferred
embodiment identi?es local maxima, Which are those points

metry, are projected into occluded space Where they typically
form a probable occluded surface in the occluded space. As
shoWn in FIG. 6, the visible points on the side surface 603 are

possessing scores that are greater than the scores of the imme

diate neighbors in the grid.

projected to the opposite side of the mirror plane 604 to form

Second, a local parameter optimization is performed, to
further improve the symmetry score. This optimization

a probable occluded surface 607.

Finding a Part Symmetry
Part symmetries can be identi?ed by searching the space of
all candidate part symmetries, and subjecting each candidate
to a sequence of acceptance tests. If multiple part symmetries
are found, the most useful is chosen according to the ordering
induced by a type hierarchy described beloW. For a proposed
part symmetry to be acceptable, in some embodiments, the
part symmetry has to pass threshold tests for each of the three
scores, scorel, score2, and score3.

involves modi?cations of the parameters as a scale smaller

than the resolution of the grid. In the preferred embodiment,
this optimization is carried out by a hill-climbing search. The
result of this search is a numerical parameter vector that

locally optimizes the symmetry score.
In the preferred embodiment, there is a joint optimization
loop in Which the local parameter optimization is interleaved
20

a locally-optimal symmetry score.

The search for a symmetry feature can be made more

e?icient by exploiting the fact that certain symmetry types
induce other symmetry types. For example, each object or
object part With rotational point symmetry possesses in?
nitely many rotational axis symmetries Where each axis inter
sects the point of the rotational point symmetry. As another
example, each rotational axis symmetry possesses in?nitely
many mirror plane symmetries Where the rotational axis lies
at the intersection of each of the mirror planes. Additionally,
each dual mirror plane symmetry possesses tWo mirror sym

Searching the Space of Symmetry Domains
25

divided into tWo sets: (1) the points from Which projected

30

ture are classi?ed as either matched or occluded.
35

plane symmetry type. For any identi?ed mirror plane, the
method next searches the space of all rotational symmetry
axes that are aligned With the mirror plane. In doing so, the
search space for the symmetry axis is reduced, Which results
in a more ef?cient search algorithm. If a rotational symmetry

40

45

50

tiguous portion of the 3D map of the visible surface. By
scoring the domain and verifying that the scores exceed
appropriate thresholds, as described above, the domain Will
be knoWn to be of suf?cient size, With a margin that is sig
ni?cantly de?ned by one or more natural surface boundaries
in the 3D map of the visible surface.

55

one-dimensional set of points. A rotational point symmetry
results in a tWo-dimensional set of points. Thus, the folloWing

Finding a Part Symmetry
To ?nd a single best part symmetry, the preferred embodi
ment considers all the symmetry types. For each symmetry
type, the method uses a ?xed grid to sample the space of
numerical parameter vectors and ?nd local maxima. For each
sampled maxima, the method performs a local search for an

60

optimal part symmetry, carrying out a joint optimization on
the numerical parameter vector and the domain. The resulting
part symmetry is scored, as described above. Unacceptable
part symmetries, those With a value for any of scorel, score2,
or score3 outside the respective acceptance thresholds, are

65

rejected. Acceptable part symmetries are retained. From these
acceptable part symmetries, the one With the highest ranking
symmetry type is chosen.

4) triple mirror plane; 5) dual mirror plane; 6) mirror point
symmetry; 7) mirror axis symmetry; and 8) mirror plane
symmetry.
Searching the Space of Symmetry Parameters
For any speci?c symmetry type, the determination as to
Whether a symmetry of this type is acceptable under the
criterion set forth above requires the search of a multi-dimen

groWth margin. By shrinking the domain, larger numbers of
points classi?ed as unexplained are once again removed from
the domain. The resulting domain consists of a single con

a mirror plane results in one projected point for each point in
the domain of the symmetry type. A dual mirror plane results
in tWo projected points for each point in the domain, While a

hierarchy among the symmetry types is preferred: 1) rota
tional point symmetry; 2) rotational axis symmetry paired
With an orthogonal mirror plane; 3) rotational axis symmetry;

de?ned groWth margin, Will become completely incorporated
into the domain. Finally, the domain is shrunk by recursively
removing points from the margin of the domain that are
adjoining other points outside of the domain. A shrinkage
margin for this operation can be equivalent to the prede?ned

ber of projected points for a given visible point. For example,

rotational axis results in a circle of points, Which is an in?nite

The initial domain is then groWn by recursively adding
points adjoining the domain, up to a prede?ned groWth mar
gin. By doing so, points classi?ed as unexplained, and small
isolated islands of such points, are incorporated into the
domain. Some of these islands can be Within a perimeter of
the initial domain. Such an island, if smaller than the pre

ordering, the root node is the mirror plane symmetry type.
Because various symmetries induce other symmetries, it is
often the case that multiple symmetries are found. The most
desirable symmetries are those that result in the largest num

matched or occluded, and (2) those points from Which pro
jected points under the symmetry feature are classi?ed as
unexplained. An initial domain is taken to be the largest
connected component in a point cloud de?ned by the set of

points from Which projected points under the symmetry fea

Accordingly, the preferred embodiment searches the sym

axis is found, the method searches for a rotational point
symmetry; failing that, it searches for a rotational axis sym
metry paired With an orthogonal mirror plane. If a rotational
axis is not found, the method searches for multi-mirror plane
symmetries. The search order induces a partial ordering on
the set of symmetry types that are considered; in this partial

The preferred embodiment implements the search for a
domain as folloWs. First, the set of all visible surface points is
points under the symmetry feature are classi?ed as either

metries, and each triple mirror plane symmetry possesses
three mirror symmetries.
metry types in an order. First, the method searches for a mirror

With a search in the space of symmetry domains. This joint

optimization loop results in a part symmetry <S, x, dom> With

Symmetry Types in the Search for a Symmetry Feature
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Finding All Part Symmetries

erable range of values can be used, instead of the exemplary

The search for part symmetries is repeated until no addi
tional acceptable part symmetries can be found. In each step
of the recursion, the preferred embodiment removes from the
set of surface points under consideration all of the surface
points that are included in the domains of the previously
identi?ed part symmetries. The method then iterates the
search for the best acceptable part symmetry using this
reduced set of points. This recursive search ultimately termi
nates, since With each neWly identi?ed part symmetry the
number of remaining surface points shrinks.

values listed above, With comparable results.
Some of these values, such as the margin k, depend on the
imaging system. Additionally, the values of some of these
parameters may be determined by the application. For

example, the procedure symmetry_acceptance_test requires,
among other things that scorel is greater than 0. In applica
tions Where a loose criterion for symmetry is appropriate, 0

may be chosen to be relatively small; conversely, if the appli
cation requires a strict criteria for acceptability, 0 may be
chosen to be relatively large. Similar considerations apply to
the other global parameters: their values may be chosen to
meet the needs of a particular application.
The procedure compute_occluded_surfaces is the main
procedure. Given an input, original surface point set P, the
procedure computes an augmented surface point set P' that
represents the probable occluded surfaces. In pseudo code, an
exemplary compute_occluded_surfaces procedure reads as

Constructing the Augmented Point Cloud
The remaining step 503 computes probable occludes sur
faces. For each identi?ed part symmetry, the symmetry fea
ture is applied to each point in the domain. The resulting
projected points form an augmented surface point cloud that
represents probable occluded surfaces. Recall from above
that a point may be placed in a symmetry domain either

because it Was classi?ed as matched or occluded. Under a 20 folloWs:

rotational symmetry type, a projected point classi?ed as
matched Will be replicated many times about the symmetry
axis or point, so the rotational symmetry type has a very high
utility in reconstruction. Under a mirror symmetry type, a
projected point classi?ed as matched has loW utility in recon
struction, Whereas a proj ectedpoint classi?ed as occluded has

computeioccludedisurfaces(P)
begin
25

initialize P’ = P

Y = ?ndiallipartisymmetries (P)
for each part symmetry <S, x, dom> e Y do

high utility in reconstruction.

Q = applyisymmetQ/(dom, S, x)
set P’ = P’ + Q

Pseudo Code for an Embodiment of the Invention

end for
return P’

30

end

One suitable method for obtaining a 3D map of the visible

areas of an object is disclosed in US. patent application Ser.
No. 10/703,831. The remaining steps of the method of the

The procedure ?nd_all_part_symmetries repeatedly ?nds

preferred embodiment can be described in terms of the fol

loWing procedures. The folloWing procedures are discussed

35

in greater detail beloW.

compute_occluded_surfaces
?nd_all_part_symmetries
?nd_a_part_symmetry
global_parameter_search

part symmetries in the 3D map of the visible surface and
removes points belonging to the domains of the identi?ed part
symmetries until no additional part symmetries can be found.
The input is the original surface point set P. The output is a set

of part symmetriesY:{<S, x, dom>}. In the folloWing pseudo
40

score_symmetry
score_domain

code, set subtraction is denoted by the backslash (\) character.
An exemplary ?nd_all_part_symmetries procedure reads as
folloWs:

apply_symmetry
search_domain

local_parameter_optimization

45

symmetry_acceptance_test

?ndiallipartisymmetries (P)
begin

repartition_domains

initialize point set Q = P
initialize part symmetry setY = Q

FIG. 7 shoWs a call structure of the preferred embodiment,
Where an arroW from procedure A to procedure B indicates

that procedure A calls procedure B. The procedures listed

repeat
<success, S, x, dom> = ?ndiaipartisymmetr?P, Q)
if success

50

set Q = Q \ dom
Y =Y + <S, x, dom>
Y = repa1titionidomains(P, Y)

above are explained beloW in terms of pseudo code. The

pseudo code discussed herein shoWs only primary steps. For
clarity in shoWing these primary steps, secondary details are
omitted. LoW loW-level procedures Whose implementation is
straightforward are also omitted.

end if

until not(success)
55

Several of these procedures make use of global parameters.

retum Y

end

For example, grid G (used by global_parameter_optimiza
tion) is set such that rotational parameters are probed in 10
degrees increments and translational parameters are probed
in increments of 5% of the object diameter. Another param

The procedure ?nd_a_part_symmetry searches each sym
60

eter, margin k (used by search_domain) is set to 30 points.
The parameters Weights cmatch, coccluded, cunexPZm-ned (used by
score_symmetry) have values of 1, 0, and —15. Additionally,
thresholds 0, 1p, 4) (used by symmetry_acceptance_test) are
given values of 0, 200 points and 0.5. It Will be understood
that the operation of the present invention is relatively insen
sitive to the speci?c values of these parameter and a consid

metry type and for each type, it samples over a ?xed grid to
?nd a set of sampled local maxima of the numerical param
eters. For each sampled maximum, the procedure executes a

joint optimization loop that interleaves optimization of the
65

domain and optimization of the numerical parameter vector.
Finally, the procedure scores the resulting part symmetry to
see if it is acceptable. When multiple part symmetries are
found, the procedure chooses the one With the highest-rank
ing type. The input is an original surface point set P and a

US 7,961,934 B2
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partial point set Q. The outputs are a Boolean success, sym
metry type S best, parameter Vector xbest, and domain dombest.

code, an exemplary score_symmetry procedure reads as fol
loWs:

In pseudo code, an exemplary ?nd_a_part_symmetry proce
dure is shoWn below. In order to shoW the most signi?cant

aspects, this pseudo code does not exploit the ef?ciently gains

scoreisymmetry(P, Q, S, X)
begin

that can be obtained by using the fact that certain symmetry

types induce other symmetry types. That technique is

Q’ = applyesymm?tr?Q, S, X)

described above in the section “Finding a Part Symmetry”.

initializ? counts nmatch = noccluded = nunexplained

for each point p in Q’ do
if p is near one or more points in P, increment nmmch

else if p is in the occluded space, increment nomluded
else increment 11 unexplained

?ndiaipartisymmetry(P, Q)
begin

end if
end for

initialize Shes, = X1725, = 0

compute total point count 11 = nmmch + nocduded + n unexplained
SCOT 61 = (cmatch nmatch + Coeeluded noccluded + cunzxplained

initialize dombeS, = to the empty set

nunzxplained) / 11

initialize success = FALSE

return scorel

for all symmetry types S do
X = globaliparameterisearch(P, Q, S)

end

for each parameter vector X in X do

repeat

20

dom = searchidomain(P, Q, S, X)
X = localiparameterioptimization(P, dom, S, X)
until convergence

The procedure score_domain computes the size of a sym
metry domain and characterizes the quality of the margin of
the symmetry domain. The input is the original surface point
set P and symmetry domain dom. The output is tWo scores,

if symmetryiacceptanceites?P, S, X, dom) and

score2 and score3. In pseudo code, an exemplary score_do

S > S1725!

main procedure reads as folloWs:

Sbest : S
Xbest : X

dombest = dom
success = TRUE

end if
end for
end for

30

scoreidomain(P, dom)
begin
score2 = l dom l
initialize r1 = O and r2 = O

for all points q on the margin of dom do
if there exists a point p in P not in dom but adjoining q
increment r1
else
increment r2
end if
end for

return success, S best, Xbm, dombest

end
35

The procedure global_parameter_search takes as input the
original surface point set P, the test point set Q, and symmetry

score3 = r1 / (rl + r2)
return score2, score3

type S. It uses the parameter grid G. Its output is a set of

admissible symmetry parameters X. The grid speci?es hoW
the space of numerical symmetry parameters is to be sampled.
For each point in the grid, the part symmetry is scored. Then,
local maxima are found in the scored grid. In pseudo code, an

40

end

The procedure apply_symmetry applies a symmetry fea

exemplary global_parameter_search procedure reads as fol

ture <S, x> to a point set Q, by projecting each point in the

loWs:

point set Q to its symmetrical position(s) according to the
symmetry type S. The input is the point set Q, the symmetry
type S, and the symmetry parameters x. It output is an aug

mented point set Q'. In pseudo code, an exemplary
apply_symmetry procedure reads as folloWs:

globaliparameterisearcMP, Q, S)
begin
for each parameter vector X in grid G

50

score(X) = scoreisymmetry(P, Q, S, X)
end for
X = set of parameter vectors X Whose score(X) is locally optimal

applyesymmem/(Q, S, X)
begin

With respect to the grid G

sWitch symmetry type S

return X

end

55

case mirroriplaneisymmetry

compute Q’ by projecting Q through plane de?ned by
parameters X

case mirroriaxisisymmetry

The procedure score_symmetry applies the symmetry fea
ture <S, x> to a test point set Q and checks each of the
resulting points to see Where they lie. The score is a scaled
linear combination of three terms: (1) the number of such

compute Q’ by projecting Q through aXis de?ned by
parameters X

60

case rotationaliaxisisymmetry

compute Q’ by rotating Q about the aXis de?ned by
parameters X

points near one of the original Visible points, (2) the number
of such points that fall in occluded space, (3) the number of

case mirroripointisymmetry

other points. The input is the original surface point set P, the
test point set Q, the symmetry type S, and symmetry param

case rotationalipointisymmetry

eters x. The procedure uses parameters Weights cmatch,
coccluded, cMnexPZm-ned. It returns a score, scorel. In pseudo

compute Q’ by projecting Q through the point de?ned by
parameters X

65

compute Q’ by rotating Q about the point de?ned by
parameters X
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-continued

-continued
else

case dualimirroriplaneisymmetry

compute Q’ by projecting Q through all subset ofplanes

X = X0

end if

de?ned by X
case tripleimirroriplaneisymmetry

end repeat
return X’

compute Q’ by projecting Q through all subsets ofplanes

end

de?ned by X
case rotationaliaXisiWithiorthogonaliplaneisymmetry

compute Q’ by projecting Q through plane de?ned by
parameters X, and rotating the resulting points
.

. .

.

.

.

The procedure symmetry_acceptance_test screens part
10

along With the original points in Q about the aXis

symmetries to exclude those part symmetries that do not meet

b1. h d hr h 1d

de?ned by pmmems X

.

.

An

b1

esta is e t es 0 criteria.
acceptIa e part symmetry
has a large symmetry score, a large domain size, and a margin

end Switch

mum Qv
end

that is characterized by a relatively small number of points
that adjoin points outside of the domain. The input is the

15 original surface point set P, the symmetry type S, the symme
try parameters X, and the domain dom. The procedure uses the
parameters thresholds 6, 1p, 4). The output is aBoolean accept.
In pseudo code, an exemplary symmetry_acceptance_test
procedure reads as follows:

The procedure SearCh_dOma1I1 computes a (101118111 for 8
symmetry feature <S, x>. The procedure ?rst computes the
largest connected component of the set of points consistent
With the symmetry feature. The procedure then adds to this set 20

those points on the boundary. The input is the original surface
point set P, the partial point set Q, the symmetry type S, and

symmenyiaccepmnceites?n SI XI dom)

symmetry parameters X. The procedure uses a parameter margin k. The output is the domain dom. In pseudo code, an 25
exemplary search_domain procedure reads as folloWs:

begin
score 1 = scorezsyrnrnetry?’, dorIn, S, X)
“comb Score? = scoreedomamw’ dom)
accept = (scorel > 6) and (score2 > w) and (score3 < 4))
return accept
end

searchidomain(P, Q, S, X)
b?ginI I I I

30

ivnmahie D.t"t?1.“$1ffY Set
or 63C

0111

111

.

.

poilftiscol : SCOrUymmm/(PI {q}I SI X)

symmetries, and thenIresolves any such overlaps. The result 18

ifpointiscore > 0

a set of non-overlapping part symmetries. The procedure ?rst

I?dd point D = D + {q}

identi?es points that fall into more than one domain. The

d fend 1f
dom : largest comwmd compomnt OfD

611

The procedure repartition_domains analyzes a set of part

symmetries for overlapping domains of the respective part

O

Or

35 procedure then removes those points from all domains. In the
next phase, the procedure restores points that have been
.

for i = 1 to k
Dk = Points in (P \ dom) that m adjoining a Point in dom

6nd fz?rtdom = dom + Dk
for i = 1 to k

removed to the nearest domain to each such point, Where
neamess is computed by a geodesic distance. In the ?nal

phase, the procedure performs a local optimization on the
40 symmetry parameters for eachpart symmetry. The input is the

Dk = points in dOl'H adjoining a point in (P \ dom)
Set dom = dom \ D1.

original surface point set P and symmetry setY. The output 15
a re?ned symmetry setY' in Which domains do not overlap. In

6nd for

pseudo code, an exemplary repartition_domains procedure

return dom

end

reads as folloWs:
45

The procedure local_parameter_optimization carries out a
.

I I

.

I

repartitionidomains(P, Y)

local search in the space of the numerical symmetry parameter. The search is performed by hill climbing. The input is the

b?gin
initialize Q to be the empty set

original surface point set P, the partial point set Q, the sym- 50

for ?acébpoigtp
for each pen Symmetry <SI XI dOm>EY
C

metry type S, and symmetry parameters x. The procedure
uses the parameter grid G. The output is the improved sym-

=

ifp in dom

metry parameters x'. In pseudo code, an exemplary local_parameter_optimization procedure reads as folloWs:

linmm?nt C(P) by 0116
55

6nd If

end for

imp) ; 2
Q = Q + {P}
end if

localiparameterioptimization(P, Q, S, X)

end for

begin

for each part symmetry <S, X, dom> E Y

initialize X’ = X

60

score’ = scoreisymmmetiy(P, Q, S, X’)
repeat until convergence

dom = dom \ Q

end
While \Ql > 0

set X0 = X

for each part symmetry <S, X, dom> E Y

perturb parameter set X

identify the set of points Q’ CQ adjoining dom

score = scoreisymmetry(P, Q, S, X)
if score > score’

add Q’ to dom
subtract Q’ from Q

set score’ = score
set X’ = X

65

end for
end While
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-continued

number of data points. This criterion can be applied either
globally or locally. One technique is to sub-sample with a
density based on the surface normal, so that relatively more
points are kept for areas that are tilted away from the viewing

for each part symmetry <S, X, dom> E Y
X = localiparaIneterioptimization(P, dom, S, X)
end for
Y’ = {<S, X, dom>}

position.

return Y’

Alternatively, a tessellated mesh can be ?tted to the data

end

intended as illustrative rather than limiting.

points and sampled so that equal sized areas receive an equal
number of data points. In other embodiments, analytic sur
faces are ?tted to the points, and then the analytic surfaces are
sampled so that equal sized areas receive an equal number of
data points. The 3D visible surface data may be sampled in
many other equivalent ways.
Representation of the Visible Surface
In some preferred embodiments, the visible surface is rep
resented as a point cloud. In alternative embodiments, the

Viewpoints

visible surface is represented as a triangle mesh or some other

In the preferred embodiment, the visible range data is
acquired from essentially a single viewpoint so that approXi

form of tessellated mesh. In other embodiments, the visible
surface is represented as a collection of analytical surfaces

Alternative Embodiments and Implementations
The invention has been described above with reference to

certain preferred embodiments and implementations. Various
alternative embodiments and implementations are set forth

below. It will be recognized that the following discussion is

mately one-half of the surfaces are visible. In some alternative
embodiments the initial 3D map of the visible surface is

20

such as quadrics or Bezier patches. The visible surface can be

represented in many other equivalent ways.

generated from multiple viewpoints. Accordingly, the 3D

Representation of Local Symmetries

map can include range information for much more of the

An important property of the present invention is the ability

surface than if a single viewpoint is used, but the 3D map can
still have certain occluded regions due either to self-occlusion
or intra-occlusion. It will be understood that the present
invention operates on the 3D map of the visible surfaces
irrespective of how the 3D map was acquired. Therefore, any

to detect and utilize local symmetries, i.e. symmetries that are
present in only a region of an object. To represent these local
symmetries, the preferred embodiment uses the concept of
“part symmetry,” which consists of a symmetry type, a
numerical parameter vector, and a domain. Alternative
embodiments may use other techniques to represent local

25

number of viewpoints, and any suitable algorithm for deriv
ing range information from the viewpoints, can be used to

30

Acquiring Range to Visible Surfaces
In preferred embodiments, the range to visible surfaces is

acquired using multiple cameras and stereo correspondence.
In some alternative embodiments, range information can be

35

acquired by a single moveable camera used to obtain images

from multiple viewpoints; by a single camera used together
with a structured light source; by a laser range ?nder, or by
radar. The range information can also be acquired by tech

niques based on determining range from image focus or by
special 2D sensors that measure time of ?ight. Additionally,
the images need not be acquired in the visible spectrum; for
eXample infrared, sound, and microwave images can also be
used. There are many equivalent ways in which the range to
the visible surfaces may be acquired to create the initial 3D
map of the visible surfaces.

45

“implicit function,” and it may de?ne the domain to be the set

of all points p for which f(p)<0. The boundary of the domain
50

55

60

In preferred embodiments, points are sub-sampled as
described above. In alternative embodiments, different sam

suffers long computation times. Alternatively, the points can
be sub-sampled so that equal sized areas receive an equal

is then a level set of the implicit function. Many other meth
ods eXist for de?ning region boundaries in 2D and 3D spaces,
such as active contours, snakes, and splines. For eXample, a
domain may be represented by an active contour in the space
of the camera image, and the search through the domain
involves changing the parameters of this active contour. It
should be understood that there eXi st many alternative ways in
which the domain can be represented, and this description is

only illustrative rather than limiting.
Properties of Domains

surface, as surfaces that are occluded in one modality can be
visible in another. Surfaces that are occluded to all of the
employed modalities are inferred as above.

pling techniques are used. For instance, rather than sub-sam
pling, all of the data points are used. This sampling technique
keeps all of the data, which is advantageous for accuracy, but

eters of the ellipsoid are su?icient to specify the shape of the
domain. More generally, a domain may be characterized
through any numerical function f, which maps each surface
point p to a real number. Such a function is known as an

the meaning of visibility is determined by the opacity of

Sampling

Alternatively, domains can be represented via geometric
constraints. As an eXample, where the domain of a symmetry
corresponds to a set of points inside an ellipsoid, the param

surface is not visible if an opaque surface lies between it and
the camera. When sensors with other characteristics are used,

materials with respect to the imaging modality of that sensor.
It will be appreciated that some embodiments use multiple
imaging modalities to create the initial 3D map of the visible

tions, as described above. In alternative embodiments, such
regions are represented in alternative ways. For eXample, in
those embodiments in which the 3D map of the visible surface
is represented as a triangle mesh, a local region to which a
symmetry feature applies can be represented by a subset of all

triangles.
40

Visibility
In preferred embodiments, the criterion for visibility is
determined by the opacity of materials when illuminated by
light in the visible portion of the electromagnetic spectrum. A

symmetries.
Representation of Domains
In the preferred embodiments, local regions to which sym
metries apply are represented by symmetry domain func

create the initial 3D map.

In preferred embodiments, the domain of a symmetry con
sists of a contiguous point cloud. It will be recognized that the
invention is not limited to contiguous point sets. Often, an
object will have a symmetry that applies to multiple parts of
the object that are connected by other parts that do not possess
the same symmetry. In such cases the point cloud will not be

65

contiguous. In an alternative embodiment, symmetry
domains can consist of multiple point clouds that do not need
to be contiguous. The use of a contiguous point cloud in

US 7,961,934 B2
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descriptions of the preferred embodiments, above, is intended

Where rl is the total number of points in a margin of the

to be illustrative rather than limiting.
Further, in preferred embodiments each surface point con
tributes to only one symmetry. This is enforced through the

domain that adjoin points outside of the domain, and r2 is the
total number of points in the margin that do not adjoin points
outside of the domain. In alternative embodiments, the shape

“repartition_symmetries” procedure, above. In alternative
embodiments, points may contribute to multiple symmetries,

ity of the domain to be a region of local symmetry. For

can be scored in various other Ways that measure the suitabil

e.g., by omitting this procedure.

example, another ?gure of shape merit, score3B, may be com

Symmetry Types

puted as folloWs:

In preferred embodiments, 8 different symmetry types are
considered: mirror plane, mirror axis, rotational axis, mirror

score3B:rl/sqrt(ldoml)

point, rotational point, and certain compatible conjunctions

In this case, requiring score3B to be less than a threshold limits
acceptable domains to those that have a small number of

of these. In alternative embodiments, other symmetry types
are used. For example, objects (and 3D maps of the objects)

can be characteriZed by multiple non-orthogonal symmetries.

points that adjoin points outside of the domain relative to the
total number of points Within the domain. Other alternative

For example, an object may be characterized by three mirror

measures can additionally consider the convexity of a

planes that are not orthogonal to each other.

domain, for example, penaliZing a domain to the extent that it

Additionally, rotational and mirror symmetries may be
generaliZed as folloWs. A generaliZed rotational symmetry

of a domain can be scored to ensure that the domain is a

uses an ellipse in place of a circle in the description of rota
tional axis symmetry and uses an ellipsoid in place of a sphere

is not convex. There are many other Ways in Which the shape

suitable region of a local symmetry.
20

in the description of rotational point symmetry. A generaliZed

Top-DoWn vs Bottom-Up Overall Search Strategy
In the preferred embodiments, the overall search strategy is

mirror surface symmetry may be de?ned through a non

to ?nd a symmetry feature, ?nd a domain that is consistent

planar mirror surface. A generaliZed rotational axis symmetry

With the symmetry feature, and then jointly optimiZe the

may be de?ned through a curved axis. A generaliZed mirror
axis symmetry may be de?ned through a curved axis. Such

symmetry feature and the domain. This is essentially a “top
25

bottom-up overall strategy is implemented.
A bottom-up strategy begins by identifying candidate
domains by searching for local regions that are “part-like.”

generaliZed symmetries have additional components of the
numerical parameter vector to specify the additional degrees
of freedom. Objects and their 3D maps can be characteriZed

by these generaliZed symmetries. There are many other sym
metry types that can be computed and used in construction of

Candidate domains can be found by a variety of techniques
30

including skeletoniZation, searching for regions With a large

35

interior and feW points of adjacency With the rest of the object,
or computing surface patches that conform to part-like areas.
In a bottom-up technique, once a part-like region is identi?ed,
the region is tested for symmetry and has symmetry features
computed for it. Then the domain and features can be jointly

probable surfaces in occluded regions.
Scoring a Symmetry
In the preferred embodiments, a hypothesiZed part symme
try is scored as described above. In some alternative embodi
ments, a distance to a nearest visible point can be used in
computing the score. Alternatively, the score can be based on
a function of the distance such as the exponential of the
distance, or the minimum of a quadratic of the distance and a
constant. There are many alternative Ways in Which a part

symmetry may be scored.

optimiZed. A bottom-up technique can be advantageous in
cases Where regions of local symmetry are small With rela

tively little support, so that concentrating attention locally
may be the best Way to ?nd part symmetries local to these
40 small areas.

In the preferred embodiments, the only aspect of the object
used in scoring the part symmetries is the spatial locations of
the points that comprise the 3D map of the visible surfaces. In
some alternative embodiments, the symmetries are evaluated

by using additional 3D properties such as surface normals.
For instance, points that match under a symmetry transfor

45

transform can be used to ?nd dominant planes that can be
50

score for a part symmetry. Furthermore, a scoring function

can exploit natural relationships betWeen surface normals and
the location of a symmetry feature. For instance, in rotational
symmetries, surface normals must intersect symmetry axes or
symmetry points. Therefore, the distance betWeen a surface
normal to the symmetry axis or the symmetry point can be

55

normals or other local shape features of the observed point
cloud to select starting points. Alternative embodiments can
also take advantage of environmental considerations to select
initial starting points for the search. For example, an altema
tive embodiment may exploit the folloWing observation. For
each rotational symmetry, the surface normals of the visible
surfaces must intersect With the rotational symmetry axis or

transform can be applied to identify likely locations of rota
60

attributes, suitably Weighted, can be incorporated into the
assessment of part symmetries.
In the preferred embodiments, a domain is scored by the
characteristic of its siZe and shape. Speci?cally, the preferred
embodiment computes a shape score, score3, as

employed in selecting starting points for the orientation of
mirror planes. Alternatively, it is possible to analyZe surface

point. When searching for rotational symmetries, a Hough

considered When scoring a symmetry. Additionally, other
attributes can be used such as appearance data, e.g., intensity,
color, and texture. There are many Ways in Which additional

Selecting Initial Values for the Search on Symmetry Features
In the preferred embodiments, the initial values for the
search for symmetry features are a regularly spaced grid of
locations in the space of numerical parameters. This uses
features that intersect With the center of mass of the point

cloud. Some alternative embodiments select starting points
for this search in alternative Ways. For example, the Hough

mation should have consistent surface normals, i.e. the sur

face normal vector of one point should be mapped by the
symmetry feature into the surface normal of the other point.
Hence, a function measuring the consistency of surface nor
mals can also be a Weighted factor used in computing the

doWn” search strategy. In some alternative embodiments, a

tional symmetry features by identifying features that intersect
With many surface normals. The initial search may only con
sider vertical features (mirror planes, axes of radial symme

try) to exploit the fact that in many objects, symmetry features
65

are vertical. Alternative embodiments can also analyZe object
features to initialiZe the search. For instance, an image analy
sis of an initial image from Which the 3D map of the visible
surfaces Was derived can reveal geometric features such as

